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Abstract 

In this paper we propose ten-dimensional realizations of the non-geometric fluxes Q and R. 
In particular, they appear in the NSNS Lagrangian after performing a field redefinition that 
takes the form of a T-duality transformation. Double field theory simplifies the computation 
of the field redefinition significantly, and also completes the higher-dimensional picture by 
providing a geometrical role for the non-geometric fluxes once the winding derivatives are 
taken into account. The relation to four-dimensional gauged supergravities, together with 
the global obstructions of non-geometry, are discussed. 
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1 Introduction 

The theory of general relativity provides a beautiful description of gravity in terms of space- 
time geometry. According to the principle of general covariance, the Einstein-Hilbert action 
is based on the invariance of the theory under space-time diffeomorphisms, that is, under 
general coordinate transformations. According to Einstein's field equations, the geometry of 
space-time is not decoupled from matter, but rather the matter particles back-react when 
moving in space-time. 

In more general terms, the form and even the notion of geometry will depend on which kind 
of objects are used to probe space-time. For point particles and their geometrical description 
one uses differentiable Riemannian manifolds that are continuous, and hence the distance 
between different points on them can be arbitrarily small. In string theory there is a lot 
of convincing evidence that the notion of space-time geometry gets drastically changed, as 
compared to that of point particles, when reaching distances that are comparable to the 
extension of the string itself. The description of geometry in terms of continuous Riemannian 
manifolds is expected to break down and to get replaced by some 'stringy' geometry, which has 
been thought of in various ways. Generically, stringy geometry is characterized by symmetries 
that have their physical origin in the finite extent of the string and which suggest an extension 
of the standard diffeomorphism group of general relativity. Such a generalization goes beyond 
standard geometry and is therefore referred to as non-geometry pJE] (see [I] for a review on 
non-geometry). 

Mirror symmetry is one well-known example of a stringy symmetry. T-duality is another 
prime example, which exchanges momentum and winding modes of a closed string on a torus. 
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Since T-duality typically exchanges spaces with large and small radii, it introduces the notion 
of a shortest possible distance that can be resolved by a string. More specifically, at large 
radii the background geometry is probed by the ordinary Kaluza-Klein (KK) momentum 
modes, and an important part of their effective, low-energy supergravity action is given by 
the well-known Neveu-Schwarz (NSNS) Lagrangian 

£ = e-^^U (k + m? ~ ^H m H*A . (1.1) 

In the stringy regime, where the radii are of the order of the string length, the mass scale of 
momentum and winding modes become comparable, and the effective supergravity description 
of the momentum modes in general breaks down. 

In the simplest case of a constant background metric g and 6-field, 0(D,D) T-duality 
transformations are just acting as automorphisms on the moduli space of string backgrounds. 
More generally, one can consider the case of non-constant background fields with non- vanishing 
NSNS H flux. As we will explain in more detail in section 0J it has been argued that there 
exists a chain of T-duality transformations starting with the H flux, leading to four different 
types of geometrical and non-geometrical fluxes: 

tt T a fa ^6 /~\ ab T c jyabc t-\ o\ 

H-abc * / be *■ ttfc *■ tt . (i-.Z) 

Here T a denotes T-dualizing along direction a, H is a three-form and / are called geometric 
fluxes. The latter are given by the first derivatives of the vielbein and are related to the 
Levi-Civita spin connection and therefore to the curvature of the manifold. On the other 
hand, the geometric meaning of the Q and R fluxes remains unclear, and will be clarified in 
this paper. 

Originally, the above chain of (non-)geometric fluxes has been discussed in the context 
of gauged supergravities in lower dimensions [51E]. These theories, which deform ungauged 
supergravities by certain mass parameters, can be the result of flux compactifications of ten- 
dimensional string theory or supergravity. It turns out, however, that only a subset of the 
consistent gauged supergravities in, say, four dimensions can be obtained through conventional 
(flux) compactification. The four-dimensional scalar potential contains terms corresponding 
to the geometrical H and / fluxes, which have a clear higher-dimensional origin, but also 
to the Q and R fluxes, which until recently lacked a higher-dimensional interpretation. In 
particular, the gauged supergravities that have a conventional higher-dimensional origin do 
not appear in a T-duality covariant way, as we will discuss in more detail below. 

The main purpose of this paper is to construct a ten-dimensional effective action for the 
non-geometric Q and R fluxes, which will lead to an understanding of their geometric role. In 
this we report on results that have recently been announced in [7j. At first sight, finding a ten- 
dimensional realization of Q and R seems to be a difficult task, since they are apparently not 
part of the NSNS spectrum. In addition, they are thought to correspond to ten-dimensional 
non-geometric situations. For such configurations, the standard NSNS fields, g, b and </>, are 
not globally well-defined because of the stringy symmetry needed to glue the fields. This 
prevents a flux compactification to four dimensions. These two problems were solved in [3], 
at least for some examples, using the following field redefinitions 

(9ij,bij,(t>) -» {gij,P l0 ,4>) , (1-3) 



1 This field redefinition was inspired by studies using generalized geometry, where a relation between f) and 
non-geometry had been noted [5l410|. It appeared independently in [llj . 
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(see |12U13j for summaries of this paper). This field redefinition can be easily characterized in 
terms of the so-called generalized metric %mn for a D-dimensional space-time, with 0(D, D) 
indices M, N = 1, . . . , 2D, whose inverse can be written as 



where i,j = 1, . . . , D. We will consider D = 10 in this paper. 

The idea is then that performing the redefinition (|1.3|) in the NSNS action (|1.1|) makes 
the non-geometric fluxes appear, in such a way that the new action with a new metric gij, an 
antisymmetric bi-vector ft 13 and a new dilaton cj> is well-defined. In particular, the Q flux can, 
at least in some examples, be expressed as the derivative of the bi-vector f3 lJ as Qk 3 = dkf3 lJ ■ 
In [5j a simplifying assumption has been made to the effect that all terms involving f3 lJ dj 
are ignored, which in turn has the consequence that the R flux disappears. In this paper we 
relax this assumption and investigate both the ten-dimensional NSNS action and the so-called 
double field theory (DFT) [Ii yi4l - [IB] in terms of these new variables. 

In ten-dimensional supergravity a fully covariant expression for the R flux can be derivedH 
We did not find, however, a covariant tensor Q that would reduce to Qk 3 = dk(3 13 upon using 
the assumption, and so the role of Q remained somewhat mysterious. It turns out that both 
for the technical problem of writing the action in terms of the new field variables (|1.3p and for 
the geometric interpretation of Q it is of great help to use the formalism of DFT. In particular, 
the field redefinition (|1.3|) takes the form of a T-duality transformation, as we will make more 
precise below. DFT formally uses not only the momentum coordinates x, but also the dual 
winding coordinates x, and hence allows to apply T-duality transformations in absence of 
isometrics. It follows that the complete DFT expression for the R flux also involves derivates 
with respect to the dual coordinates, as first noted in [18]. The need for including the dual 
coordinates in the derivation of the R flux can be understood from the fact that starting from 
a background with H flux, the R flux is precisely the complete dual background field, which 
is seen by the winding modes of the original geometry. The presence of dual derivatives also 
makes the R flux background not even locally geometric, in accordance with the discussions 



Following our recent letter [7], we will provide in this paper a full derivation of an ac- 
tion containing the non- geometric Q and R fluxes. We will show that these fluxes have a 
particularly nice geometric meaning within DFT, namely as a new connection and a new 
covariant tensor. The Q flux arises as a connection rather than a tensor, which allows us to 
construct a derivative for the dual x coordinates that is covariant with respect to the x dif- 
feomorphisms. The R flux corresponds to a covariant tensor under x diffeomorphisms, being 
completely dual to the original H flux. Hence the R flux also satisfies a dual Bianchi identity. 
We are proposing in this way a new geometrical calculus that captures aspects of a 'stringy' 
geometry. 

The DFT action in terms of the new fields takes the following schematic form: 




(1.4) 



in 




(1.5) 



2 Higher-dimensional expressions for the Q and R fluxes have also been derived in |10H17tf2D] . 
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There are two Einstein-Hilbert terms: one based on the conventional derivative 3j, and 
one based on the winding derivatives d l , where the inverse metric g lJ plays the role of the 
usual metric, and so works consistently with the lower indices of the winding coordinates x,{. 
Even though the first Einstein-Hilbert term is manifestly invariant under x diffeomorphisms 
x l — > x l — C{ x )i an d the second Einstein-Hilbert term is manifestly invariant under x diffeo- 
morphisms Xi — > Xi — £i(x), the invariance of the full action as written in (|1.5|) is not manifest 
for either of them. The reason is that in the full DFT the parameters and can a priori 
depend both on x and x. Moreover, as mentioned above, Q is not a tensor and therefore 
the Q 2 term is not separately diffeomorphism invariant. We will show that in our formalism 
precisely half of the gauge symmetries can be made manifest, here the diffeomorphisms pa- 
rameterized by £ l , by introducing a novel tensor calculus. The Q can then be interpreted as 
the antisymmetric part of the 'dual' connection coefficients, so that the Q 2 term is just part 
of an extended dual Einstein-Hilbert term. In our opinion, this clarifies the geometrical role 
of the Q flux. 

A further aim of this paper is to relate this action to the known four-dimensional (gauged) 
supergravity action after dimensional reduction and thereby to justify our identification of 
Q and R fluxes. We will show that the dimensional reduction of the new action (|1.5j) . and 
in particular its supergravity version, gives precisely rise to 4D potential terms of the ex- 
pected non-geometric type. Our results therefore provide an oxidation of four-dimensional 
gauged supergravity up to ten dimensions which was previously lacking. This oxidation is 
not complete, however, as we discuss in detail in section HJ The technical reason for this 
incompleteness is that we only consider supergravity or strongly constrained DFT, whereas 
some gauged supergravity solutions in dimension D ^ 7 have been shown to correspond to 
DFT solutions where the strong constraint is relaxed [23] (see also |18 t ll9 t lM]). 

We believe, nevertheless, that the new action and field variables considered in this paper 
provide the first step towards the general case and that the novel geometrical structures 
identified here, or some further generalization, will have to play a role there too. Moreover, 
it may well be that certain solutions, like de Sitter vacua, that are hidden in the standard 
formulation can be found more easily in the new one, or that global issues that obscure local 
solutions of the usual action are demystified. 

This paper is organized as follows. In section [2] we provide a short review of DFT and 
write it in terms of the new variables in (|1.4[) . In section [3] we will introduce the geometrical 
formalism of the non-geometric fluxes in terms of new connections, covariant derivatives, 
curvature tensors and Bianchi identities with the aim of providing a covariant description of 
the theory with respect to standard diffeomorphisms. Section H] is devoted to the relation 
between the 10D and 4D effective actions with non-geometric fluxes, showing in this way 
that the new formalism provides those missing terms in the 4D action that are required by T- 
duality covariance. Computational details are presented in two appendices. In particular, how 
the field redefinition is performed in DFT is detailed in appendix lAl and how it is performed 
directly in supergravity is shown in appendix iBl 
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2 Field redefinition and double field theory 



In this section we describe how the action of double field theory (DFT), restricted to the NSNS 
sector, is rewritten under the field redefinition (|1.3|) which takes the form of a T-duality. The 
result is an action that contains an R flux term and several terms that are related to the Q 
flux. This DFT action can be reduced to a supergravity action and then matches the result 
obtained after performing the same field redefinition directly in the NSNS action. 

2.1 Generalities of DFT 

DFT was introduced in pT |[TH - [16] . and has been developed in a sequence of papers [25H32] . 
In this theory, T-duality is turned into a manifest symmetry by doubling the coordinates 
at the level of the effective space-time action for string theory. As already discussed in the 
introduction, T-duality relates momentum and winding modes of a closed string moving on a 
torus T D via the T-duality group 0(D, D)H When the coordinates are doubled, this duality 
symmetry can be made manifest. Such 'doubled' approaches to string theory have previously 
been studied at the level of the world sheet [43H47J . and at the space-time level |45H49| . 

Thus, in DFT every conventional coordinate x l , associated to momentum modes, is com- 
plemented by a dual coordinate fj, associated to winding modes. The coordinates combine 
into a fundamental 0(D,D) vector X = (xi,x l ). Although the coordinates are formally 
doubled we impose the 'strong constraint' 

v MN d M d N = o , r, MN = (J J) , (2.i) 

where tjmn denotes the 0(D, D) invariant metric and 6m — (<5\ di) denote partial derivatives 
with respect to the dual coordinates and the standard ones. This constraint is a more stringent 
version of the level-matching condition in string theory, and is necessary for the consistency 
of the DFT action, as we will show below. It holds on arbitrary fields, parameters and their 
products, so that in particular 

d i A~8 i B + FAdiB = , (2.2) 

for any A, B. A consequence of the strong constraint is that the fields locally depend only on 
half of the coordinates for any DFT solution. 

There are several formulations of DFT. In terms of the generalized metric 7i, and the 
dilaton density 

e~ 2d = ^\e~ 2(p , (2.3) 
where g = detp^, the DFT action reads [IB] 

S DFT = f dxdx e - 2d ( I U MN d M U KL d N H KL - \u MN d N U KL d L U MK 

J V 8 2 ^ 

- 2 d M d d N u MN + m MN d M d d N d ) . 

3 In general, D refers to the total number of space-time dimensions, that is, here we set D = 10. In the 
context of a KK reduction to n = D — d dimensions on a torus, however, it is more appropriate to double only 
the d internal coordinates, leaving the global 0(d, d) T-duality symmetry. 



6 



(2.6) 



For our analysis, it is more convenient to express the DFT action in terms of the quantity 

£ij = 9ij + bij . (2-5) 
Writing out (|2.4[) in terms of £ , one obtains [TT] 

Soft = J dxdx e~ M [ - ^ g ik g jl g pq (v p £ kl V q £ i3 - Vi£ lp V 3 £ kq - Vi£ pl V 3 £ qk> 

+ g lk g jl (V t d V 3 £ kl + V t d V 3 £ lk ) + Ag^dVjd 

with the calligraphic derivatives 

V % = 8i-£ ik d k , f>i = d l + £ kt B k . (2.7) 

Both these DFT actions are background independent. 

A crucial property of Sdft is that for d % = it is a rewriting of the standard NSNS action. 
To be precise, the corresponding DFT Lagrangian £dft reduces to the NSNS Lagrangian up 
to a total derivative term [TT] 



£dft 



= e 
+ d k 



-^VH (k + 4(t^) 2 - ±H ijk H ijk ^ (21 
J\{d m g km + g km g i] d m g l3 ) 



A second important feature of this DFT action is that it is T-duality invariant under the 
0(D,D) transformation 

£'{X') = (a£(X) + b)(c£(X) + d)- x , d'(X') = d(X) , X' = hX , (2.9) 

where 

h=(^ ^ e 0(D,D). (2.10) 

This transformation generalizes the well-known Buscher rules (5U|.I51| . More precisely, it has 
been shown in [TT] that each term of (|2.6[) is separately 0(D,D) invariant, i.e., 

- I g ik <? 1 9 pq V p £ kl V q £ l3 = -\g' ik g^ g'™ V p £' kl V' q £[ 3 , etc. (2.11) 

These two properties are immensely helpful when performing the field redefinition in DFT, 
as we will see in the next section. 

Finally, DFT also has the essential feature that it is invariant under a generalized dif- 
feomorphism symmetry parametrized by the 0(D,D) vector £ M = (£»,£*). This symmetry 
reduces in the supergravity limit d % = to conventional general coordinate transformations 
x l — > x l — C( x ) an d 6-field gauge transformations parametrized by £j. Conversely, keeping d l 
non-zero but setting 5j = 0, the gauge transformations of DFT reduce in particular to general 
coordinate transformations in the dual coordinates, X{ — > Xi — £i(x). The full gauge symmetry 
is not manifest in the DFT formulations (|2.6|) and ([2.4|) . but can be verified using the strong 
constraint [TT]. Employing earlier work by Siegel [48,49j, more geometrical formulations of 
DFT have been further developed in [1611291 I52TI54] . In these formulations, the DFT action is 
written in the manifestly gauge invariant form 



Soft = J dxdx e~ 2d K{U, d) , (2.12) 



where TZ{H, d) is a generalized curvature scalar associated to 7i and d. For earlier and further 
interesting work see 
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2.2 Field redefinition and T-duality 

In order to identify the ten-dimensional action for Q and R fluxes, we now express the full 
DFT action (|2.6p in terms of the component fields g, (3 and d, which are related to g, b and d 
through the field redefinition (jl.4|) . It is readily checked, using (jB.ip and (|B.2p in appendix 
IB"1 that this equality can be rewritten as^ 

(g- 1 + P)- 1 =£- 1 =£ = g + b, (2.13) 

where we have introduced 

gv = gV + pi . (2.14) 
We also redefine <ft in order to keep the NSNS measure invariant: 

«J\g\e- 2 * = e- 2d = . (2.15) 

The redefinition (|2.13p has the form of an overall T-duality, which implies that the 0(D, D) 
invariance of DFT renders the associated rewriting particularly simple. Indeed, consider the 
following 0(D,D) transformation, which corresponds to a T-duality in all directions 

h = ( ,f ) => x <-» x , d d , £(x, x) — * £'(x, x) = £~ 1 (x, x) , (2-16) 
X&D u J 

where we have introduced 

£' = g' + b' . (2.17) 
Combined with the field redefinition (|2.13j) . this implies the following set of relations 

(£") _1 (x, x) = £(x, x) = x) , (2.18) 

where the coordinate dependence is written out in order to show that x <-> x in the T- 
duality transformation, but not in the field redefinition!! Decomposing this equality into its 
symmetric and antisymmetric parts, we find 

g'(x,x) = g~ l (x,x) , b'(x,x) = P(x,x) . (2.19) 

Since £dft is 0(D, D) invariant, we have that £dft in terms of the T-dual £' is the same 
as the one we started with (in terms of £). Thus, using this result and (|2. 18[) we get £dft 
in terms of the tilded variables without any computation. We simply take £dft(£' ,d), and 
replace 

£' {j — £ ij , Vi -+ V 1 = ~d { - £ ik d k , Vi -+ 15* = 5* + £ ki d k , (2.20) 
which results in the Lagrangian 

1 



C DFT (g,(3,d) = e 2d --gik9jig P q 



g ik gji{V l d V j £ M + V % d V j £ lk ) + Ag^dVH 



4 We change conventions with respect to [1] so that /3hcrc = — /Sthere- 



The position of indices in this relation and (|2.16[) can appear confusing. However, according to (|2.9[) . we 
should really write £'(x,x) = b£ ~ 1 (x,x)cT 1 in ()2.16p . where the matrices b and c _1 lower the indices of £~ 
and restore the good index structure. Since for us b = c = Id, these matrices have been dropped. 
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Before continuing our analysis, let us pause to summarize our method by the diagram 



£dft(£, d) 



T-d. inv. 



-DFT 



(£',d) 



arm 



d=0 



£dFt(£, cf) 

5=0 



£nsns(9, b,d)(x) + d(...) = = = = = = = = = = = = £flnai(5,/3,d)(z) + <?(. . . ) 



(2.22) 



The upper line of this diagram is the rewriting of the DFT Lagrangian just described. The 
vertical lines correspond to taking the supergravity limit 5 = 0, and reproduces the NSNS 
Lagrangian and a Lagrangian written in terms of the new fields, respectively. The dashed 
equality in the bottom line represents that the field redefinition can be performed directly 
on the NSNS Lagrangian, as is shown in appendix [Bj Here, we obtain the same equality by 
going through a chain of DFT Lagrangians, an idea that has been discussed in [3J. 

When expressing the Lagrangian (|2,21|) in terms of component fields, it is convenient to 
work with 



V 



-g ij dj + & 



V 1 



i/'f. + ir 



where we introduce the derivative operator 



D* 



(2.23) 



(2.24) 



A consequence of the strong constraint and the antisymmetry of f3 is that, for any fields A 
and B, we have 

D l AdiB + diA&B = . (2.25) 

For now, D % is primarily a convenient book-keeping device, that allows us to separate the 
conventional Ricci scalar and dilaton term from other terms in the rewritten Lagrangian. 
However, we will show in section [3] that introducing this derivative operator is a first step to 
a geometric action for the Q and R fluxes. 

Re-expressing the DFT Lagrangian in terms of D l is straightforward, and we refer the 
reader to appendix [A] for the explicit calculations. For later convenience we also integrate by 
parts, thus removing the terms that are linear in dilaton derivatives. After some simplifica- 
tions the resulting Lagrangian is, up to total derivatives, 

e 2d C BFT (~9,P,d) = K{g) + 4(r^) 2 + A(Dd) 2 - \g t k~9 3 i9 Pq {D^ kl D q ^ - 2D* & P*) 

- &&~g l3 - ImgjWpg (DPg kl D^ - 2&g l ^&g kq ) (2-26) 

- 2~ 9ij &d k p h > - 2L>% 4/5" j - 9 3 i9 Pq d k ^&g kq 

- \9ik9jl9 rs d r (3 kl dsfi - \g vq d k ^d { fi kq - g l3 d p ?* d q ^ . 

In the above expression we recognize the standard Ricci scalar for the metric g in terms 
of the conventional derivatives di, and the standard kinetic term for the dilaton. The last two 
terms on the first row in (|2.26|) are also easily identified; they combine to the square of the R 
flux 

R ijk = 3 f)[ipjk] _ ( 2 _27) 



9 



This R flux is a tensor, as will be verified in section O and represents the covariant field 
strength of (3. The remaining terms are more difficult to interpret. They contain derivatives 
of ft and g, as we would expect for terms related to the Q flux. However, in contrast to the 
R flux, it remains obscure how to define a Q flux that reproduces the structures we find. 
Concretely, it seems difficult to find a tensor whose square gives the relevant terms. We will 
return to this question, and the geometric interpretation of Q, in section [31 Looking ahead 
to the result we will find, let us relax the covariance condition on Q and define, as in [3], 

Q m nk = d m f3 nk , (2.28) 

so that in the end we have the DFT Lagrangian 

e 2d C BFT (9,P,d) = n(~g) + 4(^) 2 + A(Dd) 2 - ^R^Rtjk 

~ ~^9ik9jl9 Qr Qs ^ ~ ~^9pqQk P Ql 9 — 9ij Qp P Qq^ ,^ 

- 2~ 9ij &Q k k i - 2D%j Q k k > - g jigpq Q k lp &g k ^ 

- D^&gij - ±g lkgjl g pq {DPg kl D<igV - 2& ~g l v & ~g kq ) ■ 

2.3 Supergravity limit 

In the supergravity limit the DFT fields are taken to be independent of the dual coordinates, 
i.e. one sets d % = in the action. This is the final step in the diagram (|2.22p . and allows us to 
check that the rewriting of the NSNS Lagrangian in appendix IBI agrees with the DFT result. 
In order to facilitate this check, we use the form (|A.6|) of the DFT Lagrangian, which in the 
supergravity limit becomes, up to total derivatives, 



i 2d C &nal (g,P,d){x) = 11(g) + 4(^) 2 - ^R ijk R ijk 

+ igij^^dkddid - 2d k ddi (g ij F k P l 



- \~9ik~9ji9 rs Qr kl Q s tJ + \g Pq Qk lp Qi kq (2.30) 

+ gii9 vq P m (Qk lv d m ~9 kq + d k g lp Q m kq ) 

- \9rkhi~9v^ Vr ^ d r~9 kl d s ^ - 2^p s d r ~g l Pd s ~g kq ) • 

Here the R flux term is to be read as the square of the supergravity part of R 

R\v k o = 3f3 p ^d p (3 jk ^ . (2.31) 

This expression is still covariant. Indeed, using the antisymmetry of the three free indices, 
and the symmetry of the Christoffel symbols, it can be shown that 

R\^ k o = 3f3 p ^V p (3 jk ^ , (2.32) 

where V p is the standard covariant derivative, and hence R\g =0 is a well-defined tensor. Also 
in the supergravity limit, it is difficult to find a tensor whose square reproduces the last three 
rows of (|2.30|) . and so we stick to the definition (|2.28p for the Q flux. In particular, the rather 
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natural guess that Q should be the covariant derivative of (3 does not lead to the observed 
terms. 

It is readily checked that the Lagrangian (|2.3Uj) agrees with the result (|B.39|) of the rewrit- 
ing performed in appendix [Bj Furthermore, by comparing (EOjl and (lR26|h and recalling 
(|2.8|) . it can be checked that the total derivatives obtained through the two procedures match. 

Finally, with £fi na i we have found the generalization of the Q flux Lagrangian that was 
computed by some of us in [3]. Indeed, using a simplifying assumption, (I2.30p matches the Q 
flux Lagrangian found in this paper 

e M £final(3, P, d)(x) ^'=°_J_^= n{ ~ g) + 4(^)2 _ ^g ik g. fg rs Q H Q ij (2 33) 

and, using the same assumptions, one can also check that the total derivative term matches 
the one in [3J. 

In DFT we may equally well solve the strong constraint by setting the conventional deriva- 
tives to zero, di = 0, keeping the winding derivatives d l . This corresponds to a T-duality 
inversion in all directions. The action corresponding to the Lagrangian (|2.29|) then reduces 
to 

Soft = J dx^J\det g v\ e" 2 *' (n{g i3 , d) + 4 fa d 3 4>' - -^R l3k R ljk ) , (2.34) 
where we introduced a new dilaton 4>' by 

^|det^'|e~ 2<// = e~ 2d , (2.35) 

and where the R flux now reads 

R ijk = 3 Q[ipjk] _ ( 2 3 g) 

Here, g 13 with upper indices plays the role of the metric (rather than the inverse metric) on 
the space with coordinates Xj. Similarly, this metric appears in the definition (|2.35p of the 
new dilaton (j)', which guarantees that <j)' transforms as a scalar under x diffeomorphisms. (In 
contrast, the dilaton (j) above transforms as a scalar under x diffeomorphisms.) Finally, the 
field f3 lJ transforms as a two-form under x, diffeomorphisms so that R ljk plays exactly the 
same role as the H field strength in the standard NSNS action. More generally, as discussed 
in [HUM], the whole action (|2.34[) is precisely equivalent to the NSNS action (jl.ip . just with 
all upper and lower indices interchanged and with (g,b,(f)) replaced by (g,/3,(p'). Note that 
the easiest way of obtaining (|2.34p is to start from (|3.56p and use (jA.lip . 

3 Geometry of non-geometric fluxes 

In this section we present a geometrical formalism that allows us to write the above DFT 
action for the new field variables gij and ft 13 in terms of geometrical quantities that make 
the diffeomorphism symmetry in the x coordinates manifest. To this end we introduce novel 
connections that covariantize the winding derivatives d % with respect to the diffeomorphisms 
of momentum coordinates, and we construct invariant curvatures. 
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(3.1) 



3.1 Connections for winding derivatives and diffeomorphism invariance 

We begin by recalling the gauge symmetries in DFT spanned by £ M = which act on 

the original field £y = + bij as 

5£ij = C^Sij + di^j — dj£i 

+ £ i £ ij -£ ik (d k Z l -~d l Z k )£ lj . 

Here, we used the standard Lie derivative with respect to £ l , 

= i k dk£ij + di£ k £kj + dj!; k £ik , (3.2) 
but also a 'dual' Lie derivative for winding coordinates with respect to £j, 

= ik^ k £ij — d k ii£kj — d k ij £ik ■ (3.3) 

We note that the sign differences between (|3.2|) and (|3.3|) reflect the fact that £u is a covariant 
tensor with respect to the usual diffeomorphism group but a contravariant tensor with respect 
to the dual diffeomorphisms Xj — > x; L — £j with lower indices. We infer from (|3.ip that the 
gauge transformation parametrized by has an inhomogeneous term but otherwise acts 
linearly, and that the diffeomorphisms parametrized by ^ l act non-linearly. Although not 
manifest in this form, the gauge transformations (|3.1|) are 0(D,D) covariant. In particular, 
the transformation £^ — > £ lJ discussed in sec. 12.21 simply exchanges 5j — > d 1 and £ l — * £j, such 
that (|3.1|) becomes 

5£ lj = C;£ ij + - d j e 

-.. - - (3.4) 

+ -£ lk {d k ^-d^ k )£ l K 

We observe that in this field basis the £ l transformations carry an inhomogeneous term but 
are otherwise linear, and that the £j transformations are non-linear. In the following we will 
develop a geometrical formalism that renders the transformations manifest, leaving the £j 
transformations aside for the moment. We will return to them in section 13.31 Setting thus 
£i = in (|3.4p and decomposing £ 13 = g 13 + f3 lJ we obtain 

5f 9lJ = Cf 9ij , 6^ = 3'^ - ~d j C + £^ ij ■ (3.5) 

We will refer to a transformation under as covariant if it only involves the Lie derivative 
C^. In the following we will denote the non-covariant part of a variation by = 5^ — £g, so 
that from ([33} 

Af 9lJ = 0, A^i = re J r'e . (3.6) 

Let us now introduce connections for winding derivatives, d l — * V, that covariantize the 
'momentum' diffeomorphisms parametrized by £\ We start by considering a scalar like the 
dilaton <fi, which transforms covariantly, 



= gdrf. (3.7) 
Therefore, its tilde derivative transforms as 

<%(dV) = ~d i {es^) = efjiro) ■ r^'fjo. (3.8) 
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Next, we rewrite this transformation in a form that is closer to the Lie derivative by adding 
on the right-hand side 

fj^f'o r'^'fjO = 0, (3.9) 
which is zero due to the strong constraint (|2.2|) . and obtain 

= C^^ + fie -~d j C)d^ ■ (3-10) 

We infer that the non-covariant term is of the same form as the inhomogeneous variation 
of j3 in (|3.6[) . Thus, the non-covariant term can be cancelled by introducing the derivative 
operator (|2.24p . 

6*3?- F'dj , (3.11) 

so that 

S^&$) = C e (&$) , (3.12) 

and therefore A^(D l (p) = 0. The derivative (|3.1ip will play the role of a partial but anholo- 
nomic derivative that has a non-trivial commutator, 

[&,&] = -R ij % - Q k ij D k , (3.13) 

where as in (|2.27|) 

The verification of (13.130 is straightforward but requires the strong constraint (12. 2D . 

Before we continue with the construction of covariant derivatives we briefly discuss that the 
R flux (13.141) is a covariant tensor under (j3.5|) . In order to see this we first recall that, as noted 
in (|2.32|) . the second term in R i; > k can be written in terms of the usual Levi-Civita covariant 
derivative. This term is therefore covariant under the Lie derivative part of the variation 
(|3.5p of Since the first term in R^ k takes the form of a curl in the winding derivatives it 
is manifestly invariant under the inhomogeneous variation of /3 13 in (13.5|) . However, the first 
term is not covariant under the variation by the Lie derivative, and the second term is not 
covariant under the inhomogeneous variation of /J*- 7 , but it turns out that their non-covariant 
variations precisely cancel. To see this we determine the non-covariant terms in the variation 
of the first term, 

A ? (ppM) = ~d p fl ij B p ^ + d p P® d k ^ p + 2$* dp? f3 k]p , (3.15) 
and the second term, 

A;:{p pli d p p jk] ) = d p p [ij d M t k] - d p p [ij d k] e - 2d [i d P e p k]p . (3.16) 

The non-covariant variation of R l ^ k therefore reads 

&^R ijk = 3(d p p [ij d P t k] + d p p [ij ~d M z k] ) = 0, (3.17) 

by the strong constraint (|2.2[) . Thus, R^ k is a covariant tensor that can be viewed as the field 
strength of /3 lJ . 

We now return to the construction of covariant derivatives. For a vector V % and a co- vector 
Vi we set 

V'T/-? = &V j - f k ij V k , V l Vj = D l Vj + f/ k V k , (3.18) 
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which extends in the usual way to tensors with an arbitrary number of upper and lower 
indices. As for the scalar discussed above, transforms nicely under the transport term, 

but due to the extra term in the Lie derivative of a vector V 1 we have 

A f (W) = -D%&V k . (3.19) 

Thus, in order for (13.180 to transform covariantly, we have to assign the following inhomoge- 
neous transformation to the connection components 

Affyj' = -£>%?. (3.20) 

Our task is now to determine the connection IV- 5 in terms of the physical fields. We do so 
by imposing covariant constraints. We first note from (|3.20p that the antisymmetric part of 
IV- 7 does not transform as a tensor and therefore cannot be set to zero. As the first constraint 
we demand the usual metricity condition that the metric is covariantly constant, 

VV fc = &g jk - f p ij g pk - f j k giP = 0. (3.21) 

Since T k l:) has an antisymmetric part, this condition does not determine the connection com- 
pletely, but it allows us to solve for the symmetric part in terms of the antisymmetric part 
and D^gi in the usual way, 

f fc fe) = t k ij - hi(g pi f P m + ~g pj f p [u] ) , (3.22) 

where 

f k ij = \m(D i & l + Dtf-&tfl) (3.23) 

are the conventional Christoffel symbols in the winding coordinates, with d % replaced by 
D l . In order to determine the antisymmetric part we consider the commutator of covariant 
derivatives on a scalar c/>, 

= -R ijk d k 4>- (Q k v + 2T k M)D k 4>, { "'^ ' 

where we used (|3. 13[) . As R^ k transforms as a tensor it is a covariant condition to demand 
that the commutator (|3.24|) is given by the R flux only, 

= -R ijk d k j>. (3.25) 

This constraint is then solved by 

f fc fo] = ~Q k ij • (3.26) 

In total, the covariant constraints (|3.21|) and (|3.25|) determine the connection completely, 
which is given by 

ry j = r k ij +9ki~9 pii Q P j)l -\Qk ij ■ (3.27) 

By construction, this transforms as required by (|3.2U|) . which one may also verify explicitly. 
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3.2 Bianchi identities and invariant curvatures 



After having defined connections and covariant derivatives we apply them now by discussing 
Bianchi identities and invariant curvatures. We start by noting that the R flux satisfies the 
Bianchi identity 

y[i R jkl] = o ; ( 3 _ 28 ) 

which reads explicitly 

Ad [i R jH] +4P p[i d p R jM] +6Q p [ij R kl]p = 0. (3.29) 

In this form the Bianchi identity can be verified by a straightforward computation. 

We now construct invariant curvatures. In addition to a Riemann curvature tensor that 
appears through the commutator of covariant derivatives, using the familiar [di, dj] = 0, there 
is a new torsion due to the new constraint d l di = 0. We find 

= ViVV = TVS, (3.30) 

where 

V = f k ki = X -g m &~g™ - Qk ki ■ (3.31) 

Thus, curiously, the trace of the connection transforms as a tensor, which can also be verified 
directly with the transformation rule (|3.20p . 

A € f fc ^ = -d k d k e +P kp d p d k e = 0, (3.32) 

using the strong constraint and the antisymmetry of (3. Thus, while the usual torsion tensor 
given by the antisymmetric part of the connection coefficients does not have tensor character in 
this formalism, as noted above, the trace of the connection is a tensor and therefore naturally 
viewed as a new torsion. 

We note that the rules for partial integration involve the new torsion T l : 

J dxdx^J^V^W = - jdxdx^\W(V i Vi-2T i V i ) , (3.33) 

as may be verified with (|3.31[) . 

Next, we define a covariant curvature or Riemann tensor and prove algebraic and differen- 
tial Bianchi identities. A Riemann tensor can be defined through the commutator of covariant 
derivatives on a co- vector, 

[V\^]V k = -& ip V p V k + T& k l V l , (3.34) 

where 

7TY = Dr^ 1 - D>r k a + f k iq f / - iy « f q u + qv f k « l - r l qk . (3.35) 

The verification of (|3,34p requires (|3.13p . Note the appearance of the conventional Christoffel 
symbols T k ij (with respect to gij) in the definition of the Riemann tensor. In (|3.34p this 
term cancels against the connection inside the covariant derivative in the first term. We have 
written this first term with a covariant derivative such that it is separately diffeomorphism 
invariant. Therefore, with the left hand side of (13.341) being manifestly covariant, the Riemann 
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tensor (|3.35p must be a covariant tensor as well, as one may also verify explicitly. The 
commutator of covariant derivatives on a vector reads similarly 

[\7 i ,V j ]V k = -R ijp V p V k -n ij t k V l . (3.36) 

Let us now discuss the symmetry properties of the Riemann tensor. By construction it is 
manifestly antisymmetric in its first two indices. As a consequence of the metricity condition 
it is also antisymmetric in its last two indices, which can be proved as follows. Raising the 
index k on both sides of (I3.34p we obtain 

[V*,V j ]V k = -R ijp V p V k + K ijkl Vi , (3.37) 

which by comparison with (|3.36p implies 

j^ijkl = _fcijlk _ ( 3 38 ) 

There is no exchange symmetry between the two index pairs, because this Riemann tensor 
satisfies a modified Bianchi identity. We derive this Bianchi identity from the Jacobi identity 

([V\ [V j , V k ]] + [V j , [V k ,V 1 ]] + [V k , [V\ V J ]])^ = . (3.39) 

Using (|3.25|) and (|3.36p this implies 

= -V [l R jk]l d t 0- R l[ij [V k \v l ]0 + K [ij l k] V l . (3.40) 

This can be simplified using 

[V\V^ = ?f i d p $-r i lp & , $. (3.41) 

We finally get 

= -4S/ [i R jkl] V z + 3K [ij i k] V l 4> + V p R ijk b v 4> , (3.42) 
where we used that the strong constraint implies 

D l R ijk di4> + diR ijk D l 4> = . (3.43) 

Therefore, using the Bianchi identity (|3.28|) for the R flux, we obtain the algebraic Bianchi 
identity 

3K [ij i k] + V L R ljk = . (3.44) 
After raising the index / this identity reads explicitly 

ftijkl + fijkil + fckijl = yl R ijk _ (3 ^5) 

Writing this equation with four different index permutations and taking an appropriate linear 
combination it is straightforward to derive 

j^ijki _ j^kiij = v [i R j]ki _ v [k R i]ij ( 3>46 ) 

Thus, under exchange of the index pairs the Riemann tensor goes into itself only up to 
corrections involving the covariant derivative of the R flux. We finally give an alternative, 
more explicit form of (|3.44p by writing out the connections, 

dtR ijk = 3(D^Q^ - Q q [ij Qi k]q ) . (3.47) 
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Upon setting d 1 = this reduces to eq. (75) in [20] . 

Let us now introduce a Ricci tensor and Ricci scalar. Due to the antisymmetry in each 
index pair of the Riemann tensor there is one independent non-vanishing contraction, 

TZ ij = ll ki k j . (3.48) 

Explicitly this reads 

fti = D k f k ij - D^Tjn^ + f k ij f g qk - f p ki f k pj , (3.49) 

where we used (|3.26p to simplify and combine terms. Recalling that the trace of the connection 
equals the tensor (|3.31|) this can also be written as 

K ij = D k f k ij - f ki f k qj - fTV ■ (3.50) 

Remarkably, the Ricci tensor thus decomposes into two structures that have separately tensor 
character. The Ricci tensor is not symmetric, rather by taking the trace of (|3.46|) we infer 

-R [ij] = -^V k R kij , (3.51) 

i.e., the antisymmetric part of the Ricci tensor is determined by the R flux. Finally we can 
define a scalar curvature in the usual way, 

n = gijK ij , (3.52) 

which by construction is a scalar under diffeomorphisms and can thus be used to define an 
invariant action. 



3.3 Invariant action 



We have now all ingredients at hand in order to write the full DFT action in terms of the 
geometrical objects introduced above, 



Sdft 



I 



dxdx Vl^l e 



-20 



TZ + TZ- —R tjk R ijk 
12 3 



+ 4 {d4>) 2 + {D4>) 2 + V l % - VTi 



(3.53) 



In here, every term is manifestly diffeomorphism invariant. This action contains two Einstein- 
Hilbert terms. The first is the conventional one based on derivatives di and the metric cjij. 
The second one is based on the novel Ricci scalar (I3.52p that involves winding derivatives 
and generalized connections that contain the Q flux as the antisymmetric part. Moreover, 
the new torsion T % is required. It is shown in appendix lAl that this action indeed equals the 
DFT action in terms of gij, f3 lJ and (ft determined in (|2.29|) . 

Up to total derivatives the terms involving the new torsion T l can be rewritten as a square 
with the D l (ft terms as follows. We have by (|3.33l) 



I' 



I 



4 dxdx^\cj\e- 2 ^V l Ti = 4 dxdx V\f\e * (2 V> % + 2V%) , 



(3.54) 
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and therefore 

4 jdxdxy/lfle-^^Ti-TTl) = 4 ^ dxdx^/\§\e- 2 ^(2V i 4>r i + T i 7l) . 
The full action (|3.53p can then be written as 



Soft 



I 



-2<t> 



1 



(3.55) 



(3.56) 



Let us note that this action is particularly convenient to derive (|2,34p . where TZ reduces 
to the Ricci scalar. 

Summarizing, we have written the full DFT action for the fields g, (3 and <j) in terms 
of geometrical quantities that make the invariance under x diffeomorphisms parametrized 
by £ l manifest. In this formulation the remaining gauge invariance, that is, under the x 
diffeomorphisms parametrized by £j, is hidden. However, we may now choose different field 
variables, including the original fields g and b, and use the 'dual' of the geometrical objects 
introduced above in order to make the & gauge invariance manifest. Specifically, in addition 
to g and b we introduce the new dilaton <p" according to 



det | e 



-20" 



-2d 



(3.57) 



which in analogy to (|2.35|) is defined such that it transforms as a scalar under x diffeomor- 
phisms. We can then define the dual of the full R flux (|3.14p . which gives a 'covariantized H 
flux' 

H ijk = 3(d[ib jk ] + b p[i d p b jk }) , (3.58) 



and the dual of the anholonomic tilde derivative D l , giving 



Dr 



(3.59) 



Similarly, all other geometrical objects are obtained by systematically sending gij — * g 13 , 



bij and interchanging all upper and lower indices. In particular, the conventional 



Christoffel symbols based on gij are extended to the dual of the connection components 
(I3.27p . defining an object F k ij with which we can construct a Ricci scalar as in (|3.52|) . The 
full DFT action can then be written as 



Sdft 



dxdx \ | det g % 3 \e 



-20" 



1 



K(g i i,~d) + K(T k ij )-—H ijk HV 



ijk 



4 ft 



(3.60) 



The proof for this expression of the DFT action proceeds in exactly the same way as in section 
2.21 just with all upper and lower indices interchanged. In this form the invariance under £j 
gauge transformations is manifest. In total, given the two actions (I3.56H and (|3.60p that make 
either the £ l or £j gauge invariance manifest, this provides an alternative proof for the full 
gauge invariance of DFT. 
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4 Relating ten- and four-dimensional non-geometric fluxes 



In this section, we first discuss which uplifts of lower-dimensional gauged super gravities our 
ten-dimensional field redefinition provides. We then turn to the dimensional reduction of 
the ten-dimensional Lagrangian obtained in this paper, which reproduces the non-geometric 
terms of the four-dimensional scalar potential. This provides a ten-dimensional origin for 
these terms, and further motivates why the ten-dimensional Q and R are related to the 
four-dimensional non- geometric fluxes. We finally come back to the global aspects of this 
reduction, and the relation to non-geometric field configurations. 

4.1 Gauged supergravity and 0(D,D) orbits 

String compactifications from ten to lower dimensions in general lead to supergravity theories, 
which describe the interactions of the light modes after integrating out all massive string 
excitations. One important requirement is that the lower-dimensional supergravity action is 
consistent with the duality symmetries that act on a given background space. In case the 
considered backgrounds are completely symmetric under the duality group, i.e. the duality 
transformations act as automorphisms on the moduli space of the massless moduli fields (like 
e.g. for toroidal compactifications), the corresponding effective actions must be given in terms 
of duality invariant functions (automorphic functions) of the scalar moduli fields [65,66j. On 
the other hand, if the duality group acts as transformations between different, but from the 
string point of view equivalent backgrounds, e.g. a geometric space is mapped to a non- 
geometric background as is true for the duality chain in (]1.2p , differently looking supergravity 
actions will be transformed into each other by the action of the duality group on the scalar 
fields. However these seemingly different effective actions are completely equivalent as low 
energy theories, and in particular the vacuum structure of the theory will not change within 
given orbits of the duality group. Of course, different backgrounds that are not related by 
duality transformations will in general lead to physically inequivalent effective descriptions in 
lower dimensions. 

A convenient way to think about gauged supergravity in dimensions D < 10 is in terms of 
the so-called embedding tensor formalism, see [67] and references therein. Gauged supergrav- 
ities can be classified by an embedding tensor O that lives in a certain representation of the 
global duality group of the ungauged theory. It encodes which subgroup of the duality group 
is promoted to a local symmetry and describes the mass parameters and coupling constants 
due to the gauging. The embedding tensor formulation formally preserves covariance under 
the full duality group, because O can be thought of as a covariant tensor, but any choice of 
a constant non-vanishing embedding tensor breaks the symmetry down to the subgroup that 
leaves O invariant. Even though the original duality group is thus not a proper rigid sym- 
metry of the gauged theory, any two embedding tensors related by a duality transformation 
lead to physically equivalent theories. The reason is that by the duality covariance of the 
embedding tensor formulation the simultaneous action of a duality group element h on the 
fields, generically denoted by <3?, and 0, leaves the action invariant, 

^gauged [* j © ] = Sgauged IX*), /i(e)] . (4.i) 

In other words, the gauged supergravity obtained by sending — > = h(Q) is equivalent to 
the original one because they can be related by a field redefinition — > /i(<&). Thus, physically 
inequivalent theories are in one-to-one correspondence with the orbits of the duality group. 
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However, the gauged super gravities obtained in, say, 4D upon flux compactifications of the 
standard 10D supergravity do not fill complete orbits under 0(6, 6) (which generically is 
part of the duality group in 4D), as we discussed in the introduction for the missing Q and R 
flux terms. Our method provides a higher-dimensional origin for those gauged supergravities 
that complete the 0(6, 6) orbit by giving the appropriate field basis, as indicated by the 
following diagram. 



10D supergravity (g, b) 




I OD supergravity (g, f3) 



flux compactiflcation 



flux compactiflcation 



4D gauged supergravity O 



h 6 0(6,6) duality 



4D gauged supergravity = h(Q) 



Here, the upper horizontal arrow indicates the field redefinition (|1.3|) in 10D that, upon 
reduction, corresponds to a field redefinition (|4.1|) , Prom the point of view of DFT these 
different choices of field basis are just different parameterizations of the fundamental field 
given by the generalized metric Hmn- in fact, being a symmetric tensor and an 0(D,D) 
group element, Hmn may be parametrized in terms of symmetric tensor and either a two- 
form or an antisymmetric bi- vector, as indicated in (|1.4|) and also discussed in [3]. While the 
standard parametrization in terms of a two- form leads to the usual NSNS action, here we 
investigate the result of the second parameterization. 

According to the above picture we can uplift to 10D those non-geometric fluxes that are 
T-dual to geometric ones. However, for a given background, it is to be expected that only one 
of the fOD descriptions is well-defined, and hence an uplift of the 4D theory requires using 
this preferred field basis. In order to lift more 4D solutions, and possibly find a complete 
uplift of the 0(6, 6) orbit, we need to complement the field redefinition with other T-duality 
transformations of the background, as in the toroidal example discussed in [1]. 

It remains an open question whether the new Lagrangian C, depending on g and /?, would 
be of use to uplift other 4D solutions, which are not in an 0(6, 6) orbit that contains geometric 
solutions. There might be globally well-defined solutions to the equations of motion derived 
from C that are not related to well-defined solutions corresponding to C. Concretely, the 
restriction that a 10D solution is reducible to 4D, via a flux compactiflcation, is a global 
restriction, and can hence differentiate between two locally equivalent solutions. We come 
back to this discussion in section 14.31 



4.2 Dimensional reduction 

4.2.1 Preliminary ideas: the T-duality chain 

For a compactiflcation on a background with isometries, the four-dimensional theory should 
inherit the T-duality transformation properties from the ten-dimensional theory. Terms in the 
superpotential of four-dimensional supergravity, as well as the corresponding scalar potential, 
should transform into each other by T-duality transformations. In this way, it has been 



20 



realized that new types of terms are needed in the potential, that should be generated by 
specific discrete quantities Q c ab and R abc . Equivalently, one can study gauge algebras of 
gauged supergravities, in which fluxes enter as structure constants. There as well, these 
new quantities have been required for the algebra to be T-duality covariant Note that 

the different terms of the superpotential transform into each other in a specific order, as 
summarized by the T-duality chain (|1.2|) . that is 

A:H abc ^ B:f\ c 3* C : Q c ab 3* D : R abc , (4.2) 

where A,B,C,D denote the different backgrounds obtained by performing T- duality!! This 
four-dimensional chain (|4.2[) was first inspired by the famous toroidal example worked out 
in [681169] and recalled in [lj. In that example, while the field configurations are geometric 
in situations A and B, the second T-duality leads to a non-geometric configuration in the 
ten-dimensional sense of [HE]. Indeed, the metric and 6-field in C need a stringy symmetry 
(in practice a T-duality) to glue when going from one patch to the other. From the four- 
dimensional perspective, this corresponds to the situation with Q. For this reason, Q (and 
R) were named the non-geometric fluxes. 

The R flux remains more mysterious in this discussion, because the situation D where it 
should appear, would be reached in the toroidal example by performing a T-duality along a 
non-isometry direction. This requires to extend the standard definition of the T-duality. To 
this end, various proposals have appeared in the literature [TOllTl], including the relation to 
mirror symmetry [72\. In DFT, which is inspired from string field theory [731174] . T-duality 
transformations along non-isometry directions are naturally realized by virtue of the doubled 
coordinates. There, not only the fields get transformed by the 0(D,D) element, but also 
the coordinates do. In particular, when the 0(D,D) element is a Buscher transformation in 
a specific direction, this action on the coordinates results in exchanging x and x along this 
direction. This is obviously not seen when T-dualizing along an isometry direction, since the 
fields do not depend on the associated coordinate. On the contrary, it has a non-standard 
effect when T-dualizing along non-isometries. In particular, this allowed in [18P75] to perform 
a last T-duality in the toroidal example, realizing in ten dimensions the last step of the chain 

(021). 

4.2.2 Dimensional reduction, scalar potential, and non-geometric terms 

We now want to dimensionally reduce the ten-dimensional Lagrangian (|2.30p to four dimen- 
sions, to see specifically how the four-dimensional scalar potential emerges. In particular, we 
would like to verify that our ten-dimensional Q and R give rise precisely to non-geometric 
potential terms. 

We start with a ten-dimensional space-time and restrict ourselves to the set of fields 
considered so far: a metric, a dilaton, and b or /3. We then split the space-time into a four- 
dimensional maximally symmetric space-time times a six-dimensional internal space. We 
consider a compactification ansatz for our fields accordingly. First, the metric is factorized 

6 The geometric flux f a t c is given in terms of the vielbein e a m and its inverse e m a as 

J be = e m [ e b d k e c - e c d k e b I = -2e [b e c ]d k e m . (4.3) 

Its appearance in (14.21) rather denotes the potential term obtained by dimensional reduction from the internal 
Ricci scalar. 
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to fit with the product structure, and the four-dimensional metric only depends on the four- 
dimensional coordinates. Second, any flux constructed out of b or (3 is restricted to have 
purely internal components. This implies in particular that b and ft are purely internal, and 
that they only depend on internal coordinates. 

Given this ansatz, we consider only two scalar fields in this dimensional reduction: the 
volume scalar p and the four-dimensional dilaton a. This simplified set-up is enough for 
our purposes, because the appearance of these two fields in the scalar potential is model- 
independent, and is sufficient to distinguish the non-geometric terms from the others. These 
fields are defined as follows with respect to the internal metric g§ and the dilaton <p 



9m = P 9$ > ^ = e^V* , a = pi e"* , (4.4) 

where the index (°) denotes the vacuum expectation values. We then restrict the background 
metric to depend purely on internal coordinates, and the background dilaton to be con- 
stant in order to define the string coupling constant e^ (0) = g s , while p and a depend only 
on four-dimensional coordinates. Note that the vacuum value of these scalars is obviously 1. 
Finally, the other ten-dimensional fields are simply set to their vacuum value. 

To illustrate the dimensional reduction, we first describe it for the NSNS action J d 10 x C, 
where the Lagrangian £ is given in We will then apply it to the ten-dimensional La- 

grangian of interest (|2.3Uj) . To obtain the reduced four-dimensional theory, we should first 
insert the fields just defined into the ten-dimensional action. In particular, using (|4.4p . the 
dependence on p is easy to determine: it is simply given by the scaling with respect to the 
internal metric. One gets for instance 

= P 3 V^Fl , = p- 1 llf , /A,,//"'" = H\%H^ k , (4.5) 
where we denote by TZq the internal Ricci scalar. We define the background volume as 



vq = $d 6 xy \g^\ and the four-dimensional Planck mass M4 by M| = vo/(2K?g1). We 
go to the four-dimensional Einstein frame by scaling the metric (74 with the dilaton a as 
9^v = a ~ 2 9%- Eventually, the ten-dimensional NSNS action reduces to the following four- 
dimensional action in Einstein frame 

S E = Ml^d 4 x y/\^\(nf + kin- J ^V(p,a^J , (4.6) 



V(p,a) = a- 2 (p- 3 V°+p- 1 V?) , (4.7) 



where "kin" denotes the scalar kinetic terms that are not needed explicitly here. The scalar 
potential V is given by 

! , _ , _~2 / -•'-! v -I! , -J ! 

where we defined the following quantities 

n = ^ f d 6 * a/iSFi 442# (0)iifc . v? - - M f ^ Vi^i ^ ■ (^) 

vo J VI v J 

Note that there is an implicit assumption made here: the background fields are supposed to 
be globally well-defined, so that they can be integrated. We will come back to this point in 
section 14.31 

Now we want to perform a similar dimensional reduction starting with the ten-dimensional 
Lagrangian (|2.3U|) . The latter depends on the fields g, j3, and cj), so the scalar fields p and a 
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are now denned with respect to g and <f>. The same holds for the background volume Vq, the 
internal Ricci scalar denoted TZq and the string coupling constant g s . Let us recall from the 
compactification ansatz that cp = (jy® + ip, where is taken as a constant, while ip only 
depends on four-dimensional coordinates. In addition, /3 is restricted to have only internal 
components. Therefore, any contraction of the type f3 km d m (f) vanishes in this dimensional 
reduction. In particular, one gets 

- 2/3 km d m d = (3 km d m In VM = \f3 km ~g pq d m g pq . (4.9) 

Out of (|2.30p . the only contribution to the dilaton kinetic term is therefore the standard one 
coming from the ten-dimensional (dcp) 2 . 

Let us also consider the terms of the ten-dimensional Lagrangian (|2.3U|) involved in the Q 
and R flux terms of the potential (as given below in (|4.1ip ). Using similar arguments from 
the compactification ansatz, one can verify that in all these terms, indices and derivatives 
can be restricted to be internal ones. This implies that the dependence on p of these terms is 
obtained only by scaling arguments, since no derivative acts on it. With these simplifications, 
we obtain after dimensional reduction the following scalar potential 

V(p, a) = a' 2 {p- 1 Vf + P V$ + p 3 Vg) , (4.10) 

where 




and the indices ^ and 6 are understood on all fields in Vq. 

With this last reduction, we see that we obtain two new types of scaling behaviour with 
respect to p. These correspond to the non-geometric terms of the scalar potential. Indeed, it 
was argued in [76] that the most general potential (from the NSNS sector) should be given 
by 

V(p, a) = a' 2 {p- 3 Vg + p- 1 Vf + pV$ + p 3 Vg) , (4.12) 

where Vq and Vg are constants depending on the four-dimensional Q and R fluxes, respec- 
tively. These two non- geometric terms make this scalar potential T-duality covariant, as 
discussed in section 14.2.11 From our dimensional reduction, we obtained expressions for Vq 
and in terms of ten-dimensional fields, as in (|4.8p . We conclude that the field redefinition 
performed on the NSNS Lagrangian provides a lift to ten dimensions of the four-dimensional 
Q and R fluxes, since the corresponding potential terms are reproduced. 
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Note that for a given background, only some of the four terms of (|4.12j) could be turned on. 
For the toroidal example mentioned above, only one out of the four is present. In particular, 
for the situation C, one gets Vq non-zero, and given by the formula (I4.11|) . This was actually 
already shown in Indeed, the simplifying assumption used in that paper is automatically 
satisfied in the toroidal example, and our Vq then reduces to its first term, the square of the 
Q flux, while the R flux vanishes. Given the more complete formulas (|4.11[) derived here, it 
would also be interesting to have an example with a non-trivial R. 

Let us now have a closer look at the formulas (|4.11|) . The R flux term in (|4.11|) is given 
by the square of R l ^ k = 2>(P^ % d v fi^. By analogy with the H flux term in (|4.8|) . one can 
view this R^ k as being the ten-dimensional supergravity R flux and corresponding to its 
four-dimensional counterpart. On the contrary, the Q flux term is more complicated, and 
it is difficult to identify directly the four-dimensional Q flux there. For this reason, the 
ten-dimensional Qk mn should here only be understood as a notation, corresponding to the 
one of [I]. The study of DFT diffeomorphisms nevertheless revealed a structure behind Vq. 
Indeed, the formula (|4.1ip of the Q flux term can be derived from the DFT Lagrangian 
(13.561) up to total derivatives, following section I2T31 and appendix[Al More precisely, this four- 
dimensional term would be obtained from the Ricci scalar 7£|g =0 , together with the last square 
term in (|3.56|) . Therefore, instead of a single square, the four-dimensional Q flux term should 
rather be thought of as a sum of squares, as are Ricci scalars with constant connections. This 
is then analogous to the geometric flux term. We already noticed that both / and Q have a 
mixed index structure, they are not tensors, and they are related to connections. In addition, 
the standard Ricci scalar is sometimes expressed as a sum of squares of f a bc, as ) f° r instance, 
in the case of twisted tori (solvmanifolds) for which the f a b c are constant. The same should 
hold for Q here. 

Obtaining Vq from the DFT Lagrangian (|3.56p which has the Ricci scalar involves total 
derivatives. Those could actually contribute non-trivially, as will be discussed in section r4~3| 
and therefore modify the expression we gave for Vq. Put differently, knowing which total 
derivative should be discarded, as in (|4.13p . and which should be kept (to form a Ricci scalar 
for instance), is not clear here. It probably depends on the background considered, as we 
discuss in the following. 

4.3 Global aspects and preferred field basis 

A ten-dimensional Lagrangian, as the one considered above, is a local quantity, whereas an 
action is sensitive to the global aspects through the integration. In dimensional reductions, 
as discussed previously, one needs to integrate the background fields over the six-dimensional 
space to get the four-dimensional potential. However, a non-geometric configuration in ten 
dimensions usually has global issues (for instance the fields are not single- valued) . Therefore, 
it is not clear how to perform this integration. Put differently, the geometry is not the 
standard one, and so the usual compactification procedure, which could produce the desired 
four-dimensional potential, cannot be applied. This question was discussed at length in [3J, 
and the field redefinition was again proposed as an answer. 

To illustrate this idea, let us first come back to the toroidal example mentioned previously. 
In the situation C, the metric and the H flux are ill-defined because we face a non-geometric 
configuration. Therefore, the integrals (|4.8p do not really make sense. Equivalently, the 
associated NSNS Lagrangian is globally ill-defined, preventing to consider the NSNS action. 
However, by performing the field redefinition to g and f3, the new Lagrangian obtained turns 
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out to be well-defined. In particular, the new metric g is that of a flat torus, so in a sense, 
the field redefinition restores the standard notion of geometry. The other quantities in the 
Lagrangian, as the Q flux for instance, are also well-defined. One can then perform the 
integration without trouble. This argument is example-based, but as we proposed in [3], 
it may work as well for other examples, at the possible cost of considering another field 
redefinition. In general, the situation would be the following: 



The NSNS Lagrangian can be rewritten as a new Lagrangian up to a total derivative, where 
this C ncw is expressed in terms of the redefined fields (in this paper this is exemplified by 
£ new being (|2.3U|) and the total derivative given by (|B.26|) 1. The idea is then that for a 
non-geometric configuration, while £nsns would be ill-defined, the field redefinition would be 
such that £ new is well-defined. One can then perform the dimensional reduction with this 
last Lagrangian, since the associated action and integrals will make sense. This way, the Q 
flux term of (|4.12p was reproduced in [3] for the toroidal example. 



The field basis which allows to get a well-defined £ new in (14.130 has been named the 
"preferred field basis". The proposal of [3] was that this set of fields and associated £ ncw is the 
proper low energy effective description of string theory on a given non-geometric background. 
Note that naively, the low energy description is given by the £nsns> but since the two differ 
by a total derivative (I4.13p . our proposal is then to discard this total derivative. This last 
point is less trivial than it seems. Indeed, in a non-geometric configuration, £nsns can be 
non-single valued. If we have at hand a preferred basis, then £ new is single- valued. Therefore, 
given (|4.13p . the content of the total derivative is not single- valued. It means that it does 
not integrate to zero. Throwing away the total derivative is then not a trivial statement. 
This is why there is a difference between choosing one field basis or the other, and their 
associated actions, as the low energy effective description of string theory. Thus we propose 
that there should be a preference according to whether the background is geometric or not. 
To make such a proposal more concrete, a world sheet perspective on this question could be 

useful pmnyzg. 

5 Conclusions and Outlook 

Since the introduction of the non-geometric Q and R fluxes in four-dimensional gauged su- 
pergravity, a wealth of studies has been devoted to better understand their properties. The 
subsequent realization that these fluxes help in the constructions of phenomenologically in- 
teresting four-dimensional solutions has further fuelled the interest in this subject. One of 
the main questions raised by these studies is whether these four-dimensional solutions have a 
higher-dimensional description in string theory. 

In this paper we have taken a first step towards such a realization. By studying the NSNS 
action, and its generalization to strongly constrained DFT, we have shown how a change 
of field basis, replacing the NSNS fields gij,bij,(f) with a new metric gtj, an antisymmetric 
bi-vector (3 13 and a new dilaton (f), gives rise to a new action which contains Q and R. The 
field redefinition can equally well be applied to ten-dimensional supergravity or to DFT, as we 
have shown by performing both analyses. However, since the change of field basis takes the 
form of a T-duality 0(D,D) transformation in all directions, the computations are greatly 
simplified using DFT, which can be formulated in an 0(D, D) invariant fashion. 



^NSNS = £ nG w + d(. . .) ■ 



(4.13) 
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Using the DFT framework, we can also give a precise geometrical meaning to the non- 
geometric fluxes. Concretely, the DFT action for the new fields takes the form 



Soft 



^ dxdx^\e- 2 ^ll + n- -^R ijk R ljk + A(d4>) 2 + 4(& 4> + V) 2 ^ , (5.1 



where the standard Ricci scalar 1Z and dilaton kinetic term (d(j)) 2 are accompanied by a dual 
Ricci scalar TZ, an R flux term, and a dual kinetic term for the dilaton <fi that includes the new 
torsion T % ■ All terms in this action are separately covariant under the DFT diffeomorphisms 
of the x coordinates, and hence the corresponding quantities have a clear geometrical meaning. 
Particularly, we have identified the R flux with the covariant field strength of /3, and so the 
i? 2 -term is manifestly covariant. The geometric interpretation of Q is more subtle; we find 
that it is the antisymmetric part of a dual connection, and therefore appears in the action as 
a part of the dual Ricci scalar 7Z and the torsion T % ■ Thus, the R flux is a three- form with 
respect to the dual coordinates x and Q is related to a connection. This should not come as 
a surprise, since it precisely matches the dual situation for the geometrical fluxes, where H 
is a three-form and / is related to the Levi-Civita spin connection. 

We have checked, by performing a model-independent dimensional reduction, that the 
higher-dimensional Q and R flux produce the expected non-geometric flux terms in the four- 
dimensional scalar potential. This check further strengthens our higher-dimensional identifica- 
tion of the flux terms, and shows that we have found ten-dimensional lifts of four-dimensional 
gauged supergravity solutions that were previously lacking. We have restricted our analy- 
sis to supergravity or strongly constrained DFT, whereas some lower-dimensional gravities 
have been shown to correspond to situations where the strong constraint is relaxed |23j (see 
also [IS1[T21[21]). Consequently, our lift is not exhaustive. We believe, however, that the 
structures found here, and in particular the geometric interpretation of the Q and R fluxes, 
will be a guide for more general treatments of non-geometric situations. 

In this paper, we have focused on the NSNS sector of DFT and supergravity. In order 
to study explicit compactifications and derive four-dimensional solutions, further ingredients 
must be added to the theory. In heterotic compactifications, gauge fields should be con- 
sidered. In geometric type II solutions, Ramond-Ramond (RR) fluxes as well as D-branes 
and orientifold planes play an important role, and the same is expected for non-geometric 
solutions. It would be interesting to include these degrees of freedom into our analysis, for 
example along the lines of [M1ESJE2], and thus complete our final action (|5.1|) . Moreover, 
using such a completed action, or its supergravity version, we could solve the corresponding 
ten-dimensional equations of motion and look for concrete compactifications. One interesting 
set of examples to study would then be generalized Calabi-Yau compactifications with non- 
geometric fluxes. For elliptically fibered Calabi-Yau manifolds, mirror symmetry reduces to 
T-duality [72] , and it is possible that the field redefinition we propose is useful for the study 
of their non-geometric duals 



To conclude our discussion, let us comment on the possible relation between the ge- 
ometrical formulation of the non-geometric Q and R fluxes to the non-commutative and 
non-associative structures, which are present in non-geometric string backgrounds. Non- 
commutative and non-associative algebras have been found both for open strings ending on 
D-branes [8, 8 1-86 J as well for closed strings moving on non-geometric backgrounds [87H91] . 
In an example where a two-torus is fibered over a base circle, it has been shown that a non- 
commutative algebra for the string coordinates of the fibre torus emerges if there is a Q flux 
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present, whereas the algebra for all three coordinates becomes non-associative in the presence 
of an R fluxQ 

Let us therefore try to relate the geometrical objects f3 mn , Q m nl an d R mnl discussed in 
this paper to the deformation parameters of the associated non-commutative respective non- 
associative algebras. One first relevant observation in this context is that these objects are 
closely related to the non-commutative open string geometry on these spaces. In fact, by 
comparing with eq. (2.5) in [S3], one can easily convince oneself that the dual metric g and 
the bi-vector f5 correspond, respectively, to the open string metric and the open string non- 
commutativity deformation parameter defined in this reference (see also |98j). Concretely, 
for D2-branes that are wrapped around the torus fibre of the Q flux space, one obtains the 
following equal-time commutator for the open string coordinates (at the location a = 0, tt of 
the D2-brane): 

[X m ( T ),X n (r)] open = r n - (5.2) 

This defines a so-called Poisson structure in analogy to the momentum algebra of a point 
particle moving in a (constant) magnetic field. 

Now let us turn to the non-commutative geometry of closed strings moving in the non- 
geometric Q flux background. A first guess could be that the non-commutativity is again 
directly related to the bi-vector f3, leading to the same algebra (|5.2[) as for the open strings. 
However, this will not be quite correct: as discussed in (SSJIHT], only an extended closed 
string which is wrapped p k times around the base of the fibration is sensitive to the global 
ill-definedness of the two-dimensional fibre torus. As a result the fibre geometry becomes non- 
commutative with non-commutativity deformation parameter given in terms of the winding 
number p k : 

[X m (r, a),X n (r, a)] closed ~ e k mn p k . (5.3) 

In view of this result, we propose the following integral relation between the non-geometric 
Q flux and the closed string non-commutativity: 

[X m (T,a),X n (r,a)] closed = j» Q k mn (X) dX k , (5.4) 

where C k is a non-trivial homology base cycle, around which the closed string is wrapped p k 
times. In the case of constant flux Q k mn = Q(- k mn an d C k = S 1 one gets 

[X m (r,a),X n (r,a)] ciosed = j> Q k mn dX k = 2itQe k mn p k , (5.5) 

in agreement with (|5.3|) . We hope to come back to the relation between Q flux and non- 
commutativity in future work. 

Finally let us discuss the R flux background obtained by a T-duality transformation, 
X k <-> X k , in the k th direction from the previous case. The corresponding closed string 
background becomes non-associative, as discussed in [87] in the context of the SU (2) Wess- 
Zumino-Witten model, and investigated in [89] by the computation of conformal field theory 
amplitudes in the chain of T-dual H, f,Q, i?-backgrounds leading to a non-associative algebra 

7 These non-commutative and non-associative structures also appeared in the more mathematically oriented 
literature 92 -97] , where twisted K-theory is applied to characterize non-geometric backgrounds with D-branes 
and B-ficlds. 
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of closed string vertex operators. So it is quite natural to conjecture that the non-geometric 
flux R corresponds to the parameter that controls the violation of the Jacobi identity, i.e. to 
the deformation parameter of the non-associative algebra of the R flux backgrounds: 



Note that this non-associativity relation can be at least formally derived from the commutator 
(|5.5|) by using the Heisenberg commutation relation LY fc ,p fc ] = i in the k th direction [88jH 

It would be interesting to expand on these connections between non-geometric fluxes and 
non-commutative and non-associative string backgrounds in future work. We believe that 
our higher-dimensional expressions for the Q and R fluxes, which have a clear geometrical 
meaning, will be helpful in this regard. 
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8 Eqs. (|5.5p and (|5.6p together with [X ,p ] = i now define a so-called twisted Poisson structure. This 
structure also emerges for the momenta of point particles moving in the field of a magnetic monopole, as it 
was originally remarked in and further discussed e.g. in 100 -102 ; the magnetic B-field of the monopole 
corresponds to the bi-vector /3 in our case, and the non-closure of B corresponds to the R flux. 




(5.6) 
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A Computational details 

This appendix contains some of the computational details of section [2] and [31 Specifically, we 
work out the various structures in the DFT Lagrangian (|2,21[) in terms of g, f5 and d and the 
derivative D l (|2.24p . We then show that this Lagrangian corresponds to the geometric action 

Using (|2,23|) . the quadratic dilaton term in the DFT action becomes 

Agij&d&d = 4(g ij diddjd + gij&d&d) , (A.l) 

where the cross-terms djdD J d vanish because of the constraint (|2.25|) . The off-diagonal dilaton 
terms give rise to 

g ik g jl &d^£ kl + g ik gji ^d&£ lk = -2[d k d dfg kl + ~ 9jl d k d&/3 kl 

- g ik &d dtf kl - g ik - gj ib l d &~g kl ] . 

The first term quadratic in £ reduces to 

-\ 9ik 9ji 9 Pq V p £ kl -D q £ ij = --'9ik g j l9 rs d r g kl d s9 v - ] g ik 9jl g rs d r /3 kl d.?* 
4 \ 4 (A.3) 

- 4 ~9ik ~9 3 f9 Pq {D P 9 kl D q ~9 t] + D p P kl D"^) , 

where the strong constraint (|2.2p was used to cancel some terms. Finally, for the sum of the 
last two structures in (|2.21|) we get 

\gik~9ji~9vi {&£ lp &£ kq + &£ pl &£ qk ) = + \g m d k g lp dfg kq + \g m d k (3 lp 

+ {&9 lp &~9 kq + &P lp &P kq ) ( A ' 4 ) 

- 9ji9 Pq {d k P lp &t q + d k g lp &/3 kq ) . 

The four structures (|A.1|) (|A.4p contain some terms that are independent of ft and only 
contain standard derivatives. These are exactly the terms we would get if we would set 
d = and b = in the original DFT action (|2.6|) . but with the fields replaced by their tilded 
counterparts. Consequently, they combine to the Ricci scalar and the standard kinetic term 
for the dilaton, up to a total derivative (see [TT] for details on this computation) 

1 1 

4g tJ diddjd - 2d k ddfg kl - - g ik gjig rs d r g kl d s ~g l] + -g pq d k g lp dfg kq 

4 1 (A.5) 

= K(g) + 4(^) 2 - 4 (e- 2d (-dig lk - g ij g lk d^)) . 

As result, we find that the DFT Lagrangian is 

e 2d C DFT (g, P,d)=ll + 4(d4>) 2 + 4(Dd) 2 - ^gik9jl9pq (D p p kl D q ^ - 2&^&^) 

+ 2g lk g jl D i d&~g kl - 2g jl d k d&p kl + 2g ik D i dB l p kl 

- \~9ik9,l~9 rs d r P kl d a ?* + \g m ^ [p ^ kq 

- 9ji9 pq (d k P lp D j g kq + d k g lp &p k «) (A.6) 

- ^g ik g j ig pq {&g kl D q g ij - 2&g lp &~g kq ) 
e 2d d k (e- 2d (dig^+tfi-g^dmi 
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For later convenience we integrate the second row of this expression by parts, thus removing 
the terms that are linear in dilaton derivatives. This results in the Lagrangian (|2,26p in 
section [2l 

It is now straightforward to identify the above Lagrangian with the geometric DFT action 
(|3.53|) . Starting with the Lagrangian (|2.29|) . we expand the {Dd) 2 term in cj> and g, and 
integrate the result by parts. After some simplifications we find 



e 2d £ DFT (g,P,d) = K + 4(d4>) 2 + A{D^) 2 - ^R ijk Ri jk 



- \gik9ji~g rs Qr M Q s ij - \g Pq Q k lp Qi kq - hj Q P pi Q< q3 

- 2Q l lk D% k - g,i~g pq Q k lv D 3 g kq + Q P ip hfg kl &g kl 



(A.7) 



D l D 3 gij - D 



gijft&gki -2g jl D ] Q k 



hi 



\mm~g Pq {D p ~g kl D q ~g 13 - 2&g^&g kq ) - \mfgu~g mn &~g kl D 3 g r 



,2d ~ d i 



e 2d d k 



-2d 



-2d 



D 3 gij - gijQi jl + ~gifg kl B l g ki 



~kl f\i ~ 



~g fl D^ kl -^{D^g l3 -~ aij Q^) 



+dw lk + ~g l3 g lk dig l3 - ik g ij g ml D i g ml 



Using (EdgD and ([3321) we find 
K -- 



^gijgrnng kl Q k mt Qi aj — -jgijQ k 3 Q k% — gijQk kt Qi 3 



+ 2Q l lk D% k - ~gn~g m Q k lv b 3 g kq + Q P 3P mg kl &~g k i 
- &&g l3 + & [g^&hi] + ■!<,,< IV Q'- J 

+ \g l3 [&g kl &~g kl - 2&g kl D k g^ - g kl g mn D l g kl & g mn ) , (A.f 



and hence we have, up to total derivatives, 



e 2d C DFT (g, P^) = n + K + 4(^) 2 + 4(D$) 2 - ^R^Riji, 



Qi k g% k 



2D 1 



gijg kl D 3 g kt 



(A.9) 



The last two terms of this expression can be rewritten in terms of the new torsion T l : 



AD 1 



Qi lk gi k 



2D 1 



~ gi fg kl Di~g kl = 4 (V^ - Tit) 



(A.10) 



We have thereby shown that the DFT Lagrangian corresponds to the geometric action (J3.53D . 

Let us finally record a relation that is useful when going from (|3.56p to the second super- 
gravity action (|2.34|) : 



g\ (&</> + V) = ~V e-^VH + S m [r i e 



(A.ll) 
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B Rewriting of the NSNS Lagrangian 



In this appendix, we rewrite, as discussed in the Introduction, the NSNS Lagrangian (|1.1|) by 
simply replacing the NSNS (untilded) fields by their expressions in terms of the new tilded 
fields. The same method was used in [3], so we make use of some partial results from this 
paper. 

Before starting the computation, let us give a few useful relations. It was detailed in [3] 
how equation (|1.4j) is equivalent to the relations 

g = (g- 1 - /^r 1 = (g- 1 + PT^T 1 + , 

= \((g- 1 + P)- 1 + (g- 1 -P)- 1 ) , (B.l) 
b = -(g- 1 ±P)- 1 (3(r 1 +Pr 1 , 

= \ (cr 1 + pr 1 - or 1 - py l ) ■ m) 

From (jB.ip and ()B.2p . one can easily get the converse relations defining g and /3, and in 
particular (|2.13|) . As in [3], we introduce for later convenience the notation 

G rnn = -run ± p mn ; (^1^ = ± ^-1)^ ? ( g 3) 

where one can notice that = G+. This property will allow us in the following to use 
mainly G+, that we will denote for simplicity as G = G + E The definition (lETl) allows us to 
rewrite (jB.ip and (|B.2j) as 

9mn = (G± 1 ) m kg kp (G± 1 ) np , g mn = G+^gkpG^ , b mn = — (G ± 1 ) m k(3 kp (G^ l ) pn . (B.4) 

Equivalently, one has g m „ = (G+ 1 ) km g kp (G+ 1 ) pn , ff m n = G^g^C 9 ™ ', using the ± freedom, 
and the transpose of G. Finally, note that from (|B.4jl . we get (det(g)) -1 = (det(G)) 2 det(g), 
which implies that det(<7) and det(<?) have the same sign. This will be useful in the following, 
in particular for the dilaton definition. 

Given a matrix A of coefficient A pq , we will also make use of the following formulas 

ln(det(A)) = tr(ln(A)) , (B.5) 
5 m tr(ln(A)) = tiiA^dmA) , (B.6) 
A pq {d k A qr l ) = -A- r l (d k A pq ) , (B.7) 

valid for an invertible A, independently of its signature (using a complex In if needed). By 
convention, a derivative acts on the first object on its right, unless brackets are used. 

We can now use the expressions (jB.ip , (|B.2p and (|2.15p to rewrit^l the NSNS Lagrangian 
in terms of the variables g, (3 and 4>. 



9 With respect to the DFT notation used in the bulk of this paper, G = E. 

10 We change conventions with respect to [3] by taking f} — » — /3. As we can see from (IB. If) and (|B.2I) . 
g is independent of this sign while b gets a global minus sign. The computation of the Christoffel symbols, 
Ricci scalar, and dilaton terms, all rely on the replacement of g by its expression (IB.4|) . Since this relation 
is independent of the change of sign, the same goes for these computations. A fortiori, the treatment of the 
second order derivative terms and the total derivative are also unaffected by the change of convention. Finally, 
the minus in b leads to a global minus sign of the H flux component, which is of no consequence in H 2 . 
Therefore, the whole computation of this appendix is independent of the change of convention, and so is the 
final result. 
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Ricci scalars for g and g 

We start by recalling the definitions needed here. For a generic metric g mn with Levi-Civita 
connection, one has for the connection coefficients 

^-mkn = (d k g mn + d n g mk ^'mfl'fcn) i ^ P kn = 9 P ^mkn = ^ P nk j ^ P ^n = 9^ ^ P kn ■ (B-8) 

Then the Ricci scalar is given by 

11(g) = g ln d k T k nl - g lp d p T k kl + T p \T k kp - T pn k T k np (B.9) 

= g lm g ku d k d m9lu - g lu g km d k d m g lu (B.10) 
i / 13 

_I_ A r, A n I rfil r, mn r,P U JVm Jll BU . U km Tip lu jmp Jkn J.U Q JTIJ1 kp lu 

+ -^Omgin<Jk9pu \*gg g - -x9 g 9 r + -g g 1 g - g ^g g - ig g ' g 

Each of the four terms in (|B.9P was given explicitly in terms of the metric in [3J, and out of 
them, one gets the resulting expression (jB.lOp for the Ricci scalar. 

Now, we want to compute the NSNS Ricci scalar 1Z(g) for g given in (|B.4p . To do so, we 
compute the four terms of the definition (|B.9j) in terms of the tilded fields and get 

9 lm d m T k kl = -\g lm d m {^dfg vq ) + g lm (G~ 1 ) qr g rp (g uq 'd m di§pu ~ 9pu8 m diP uq ) (B.ll) 
+ g lm (G~ 1 ) qr g rp d m G qu dig pu + ^(Cr 1 )^*?- 1 ),*^ (d m G ur + g us G vr d m g sv ) , 

r-„rV - - ((C-W + iy-W.) /" {(o~W + ij***.) (B.12) 

- \~g ml d P ~g m id k g rs (g rk ~g sp - P sp P rk ) + \g ml dp~g m i (g rs (3 sk d k f3 rp + ~ 9rs f3 sp d k f3 rk ) 

+ g U qG qk {G~ l ) sr d p G rs d k G up + gi u G up {G~ l ) sr d p G rs d k G lk + G* k G *((r 1 ) ar d p Cr a d k g 9 , 

r pn k T k np = -\d k ~g ps d m g uq (^g us ~g pq ~g km + \g us 9 pq P lm 9wP rk ~ g sq f5 pm p uk ^ (B.13) 
+ (3 uk d k f3 qn d n g uq + \g qs d k p qn d n p sk 

+ g us G sk (G- r ) lr dkG rn d n G ul + (G~ 1 ) n ig lq g pu d k G un d m g qr ( G pm G rk - g rp g km 
1 
2 

g pn d k T k np = l -g km d k (g pq d m g pq ) + (g pk ~g qn - f3 pk (3 qn ) d k d n g pq - 2(3 qn g pq d k d n ^ pk (B. 14) 

+ d k ~g su d n g pq (g uq ^(3 sn (3 pk - l -g kn ~g sp - ~g sk ~g pn - g kp g sn ^j - X -g pq (g ks ~g nu + P ns f3 uk ) 

- 2p pk d k ~g pq d n /3 qn + \g pq d k g pq {g U rf5 rl d^ uk + g^d^ - g pq d k p pk d n f3 qn 

+ d n G vl d k G qn {2{G- l ) lQ 9vuG uk + (G- 1 ) lv g qP G pk ) + d m G vn d k G rk ~g rs G sm (G- 1 ) n v 

- d m G vl d k G ps {-g s ig uv G uk ~g pq G qm + g km (g sl g pv + 2(G-%(G- 1 ) /p ) 
+ d m G vl d k g pq (2G« m 5™G" fc (G- 1 ) ir 5 rp + GP m G 9k (G~ 1 )iv ~ ^g^iG' 1 )^ 9 ] 

km (G~ 1 ) vq g qp d m G vl d k gi p - g km (G- l ) n i (g pn 9 lu dkd m g U p - d k d m ^ 
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+ \d k G un d m G rl (-/ m (G- 1 ) /u (G- 1 ) nr + g nl gp U g rv (G pm G vk - g pv g km ) ) , 



9 



~l~ S k g su d m g pq 



One can check that these four terms reduce to their standard expressions given in [4] when 
(3 = 0. Using (|B.10|) for IZ(g), one ends with 

K(g) - 11(g) = - [{G- x ) ru d k <T r + ~g rs d k g rs ) g km {{G- x ) lv d m G vl + \g pn d m g p ^ (B.15) 

+ (2~gw~g km + g p ^ kr ~g rs (3 ms ~ P pk f3 qm ) d k d m g pq - 2^ m g pq d k d m /3 pk 

- 2g km {G- l ) nl (g pn ~g lu d k d m ~g up - d k d m (3 ln ) 

- 2f3 pk d k g pq d m f3 qm - /3 uk d m g uq d k f3 qm + g pq d k g pq (g UT P rm d m $ uk + g vr rk d m F m 

- 9 Pq (d k (3 pk d m (3 qm + \d k f3 qm d m ^ 

+ 2d m G vn d k G rk g rs G sm {G- l ) nv + d m G vl d k G« m (^(G~ 1 )i q g vu G uk + 2{G- 1 ) lv ~g qp G pk 

- Sm W {-\ g ^GV + ^ + HG-^iO-%)) 

+ d m G vl d k g pq (G^g-vuG^iG- 1 )^ + 2G pm G" k (G- 1 ) lv - U^iG- 1 )^) 

-2g km (G- 1 ) vq ~g" p d m G vl d k ~g lp ■ 

One can check that this vanishes for j3 = 0. Plugging the assumption of [4 J in the previous ex- 
pression, we also recover the formula given there. For the sake of brevity or later convenience, 
we have left a few terms containing g km and g km . 

Dilaton terms, second order derivative terms, and total derivative 

Using the definition (j2. 15[) of the new dilaton 0, we showed in [4] that 

d m cj) = d m (f> - -A m , (B.16) 
4 ((50) 2 - (d$) 2 ) = 4(g km - ~g km )d k & m 4> + g km A k A m - Ag km A k d m 4> , (B.17) 
where we mean (d(f>) 2 = g km d k (j)d m (j), (d(f>) 2 = g km d k (f>d m (f), and we introduced for convenience 

Am = (G-^udmP" 1 + {G- l ) k i~g ln d m g np p pk . (B.18) 
One can also show that A m = g pq d m g pq + (G~ 1 )i k d m G kl . Then the first row in (IB.15j) becomes 

- («T W + l r . 4 ,„) 9 - ((G-W + \ r ^) - - S ^A tAm (B. 19) 

+ g km g p i(G- 1 ) ln d k G nl d m g pq + \g km ~g pq ~g uv d k g pq d m g uv . 
Adding to (|B.15p the dilaton terms (|B. 1T[) . one cancels the term in g km A k A m using (|B.19|) . 
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We now turn to the second order derivative terms, contained in the second and third 
row of (|B.15p . These terms cannot be canceled against any of the remaining terms in C, 
which have only first order derivatives. So we rewrite them with a total derivative term. For 
combinations of fields / and F km one has generically 

F ^ mf _ >a _ =n + ( _ _ hF ^ dmf , (B ,„) 

where we used (|2.15p for the measure. Before using this formula, let us rewrite slightly the 
terms of interest in (|B.15|) using the definition of G. One has 

(2~gWg km + gP^ kr ~g rs (3 ms ~ H pk P qm ) d k 8 m g pq - 2(3 qm g pq d k d m (3 pk (B.21) 

- 2g km (G- 1 ) n i (g pn ~9 lu d k d m g up - d k d m ^ 



2 giPgkm + gPipkr-^ms _ pv k ^ dkdm g pq _ 2 ^ m ~g pq d k d m pk - 2g km g pq d k d m ~g pq 
+ 2g km {G- 1 ) nl (f3 pn ~g lu d k d m9up + d k d m ^ 



Now using (1B.20|) . one obtains for the last two terms of (1B.21|) 

2g km (G- 1 ) nl (p pn g lu d k d m g up + d k d m (3 ln ) - e 2d d k (...) (B.22) 
= ig km A k d m $ - g km ~g pq (G- l ) ln d k G nl d m ~g pq 

km ~pq ~uv -j ~ -j , o km ~pr ~us a a ~ 

- 9 9 9 o k g pq d m g uv + 2g g F g d m g up d k g rs 

- 2g pq d m g pq [g pr /3 rk d k (3 pm + 9 P rP rm d k (3 pk - d k g uv {g ku g vm + (3 mu /3 vk )) 

- 2g rs G rk (G~ 1 )i p d m G pl d k G sm — 2g rs G rm (G~ 1 )i p d m G pl d k G sk + 2g km (G~ 1 ) s i(G~ 1 ) nr d m G ln d k G r 

- 2G pm G uk {G- l ) ns d k G sn d m g up + 2g km {G- x ) nl d k {g lu ~g pn )d m ~g up , 

where we used the definition of G, and where the total derivative is given by (see (|B.18|) ) 
4 (e- 2 *VW 2g km (G- 1 ) nl (f3 pn g lu d m ~g up + d m (3 ln )) = d k (e^y/Wl ^9 km A m ) ■ (B.23) 



The other second order derivative terms in (|B.21[) need more attention. A first use of (IB.20P 
gives the total derivative d k ( e - 2d ({g pq (g km - g km ) - P pk P qm )d m g pq - 2p qm g pq d m ^ k )) , where 
the first equality in (|B,1|) was used. However, a piece of this total derivative, namely 
4 (e~ 2d (-[3 qm g pq d m l3 pk + I3 pk g pq d m l3 qm )), can be developed. Indeed, this piece has the 
particularity of producing no second order derivative terms. Doing so, one is left with a 
simpler total derivative, given below. These manipulations finally result in 

2~g qp g km + ~g pq H kr ~g rs r s ~ P vk H qm ) d k d m ~g pq - 2^ m g pq d k 8 m p pk - 2g km g pq d k d m g pq (B.24) 

= -2d k 4> (~g pq d m ~g pq f3 kr g rs f3 ms + d m W rk 9rs/3 sm j) - I3 kr g rs l3 ms ~9 qu 9 vp dm9 pg d k guv 



l'9 pq d k g pq (g rs dm~9rsP ku 9uvP mv + Tg rs p sm d m p rk + Tg rs p rk d m (3 sm + 3/T fe P sm d m g rs ) 
2d m g pq ((3 qm d k (3 pk + f3 pk d k f3 qm ) + g pq (d k (3 qm d m (3 pk + B k f3 qk B m f3 pm 



+ e 2d 4 (e- 2d [g pq (g km - g km )d m g pq - d m (g km - ~g km ))) • (B.25) 
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The two total derivative terms (|B,23|) and (|B.25|) actually combine nicely. Indeed, using 
(jBl6|) . (12TT5D . and then (fB75|) . (lR6l) . one gets 2A m = g pq d m g pq - g pq d m g pq . Then, the sum 
of the total derivatives in (|B.23p and (|B,25h becomes 



dk 



e- 2i ^W\ (g km g pq d m g Pq - g km g m d m g pq - d m (g km - g km ) 



(B.26) 



It is illuminating to compare this total derivative with that in (|A.6p . which is obtained when 
rewriting the DFT Lagrangian in a form that contains the Ricci scalar. Taking the difference 
between the DFT total derivatives for g and g, as suggested in (I2.22p . we reproduce (1B.26|) . 

Putting all pieces together, namely ([B~T5|) . <HKT7\\ . (lB~T9ll . (lB~2ll . (uT22l . (|BT24|) and 
()B.26p . nice cancelations occur. We finally obtain (with the total derivative given by (|B.26D ) 



K(g) - K{g) + 4 ((50) 2 - (#) 2 ) - e 2d d k (. . . ) 

= 4(g km - ~g km )d k j>d m - 2d k 4> (g pq d m g pq {g km - g km ) + d m (g km - g km ) 



(B.27) 



2 ^kgsu8m,gpq 



x'ttq 



/3 sm ^ fc - - -g s P(3 kr g rv (3 mv ) + gP1[ fi sm p uk + -g™^ g km _ -km^ 



1 



+ P uk d m ~g uq d k ^ m + -g pq d k9pq (g ur /3 rm d m f3 uk + g U rP rk d m f3 um ) + -~g Pq d k p qm d m ^ k 



-d m G vl d k G ps (-g sl ~g uv G u % q G qm + g km (g sl9pv + {G ) SV (G )i p 



+ (G- v ) lq g vu G uk d m G vl d k G qm + d m G vl d k g pq [G qm ~g vu G uk (G- l ) lr g rp - 35 p g km {G' 1 )^ 
- 2g km (G- 1 ) vq g (,p d m G vl d k g lp + 2g km {G- 1 ) nl d k (g lu g pn )d m g up . 

Let us now rearrange and simplify a bit (|B.27|) . First, thanks to the symmetry of (n, I) in 
the very last term of (|B.27|) . it can be rewritten as —^g km {G~ v ) vq gi p d k g qp d m g vl . Using this, 
one can show that the last row of (|B.27p cancels with 2 out of 3 of the term in 5 p , in the last 
but one row. Secondly, we pick the following terms from (|B,27P 



4{g km _ ~ g km )dk ^ dm(j) _ 2dk(j) tgP4 dm g pq (g«™ - f™) + dm (g 



„km _ ~km' 



(B.28) 



+ -jg pq dkg Pq 



dm~g S u ( P sm f3 uk + ^g m {g Km - g Km ) ) + g ur f3 rm d m ^ + g ur /3 rK d m f3 



1 



.su/km ~km 



jrm 3 ouk 



irk 3 num 



Using the first equality in (jB.ip . these terms can be recombined into an expression propor- 
tional to 2d k cj) - \g vq d k g pq = -8 k In ( e^yT 



Given these rearrangings, ()B.27p eventually simplifies to 
K{g) - U{g) + 4 ((^) 2 - (d4>) 2 ) - e 2d 8 k (. . . ) 



(B.29) 



{gkm _ ~ km)dk ln / e --*P^\~ g \ ) dm \n[ e-*Vl3l ) + d m (g km - g km )d k In ( e 



-20 



2<j> 



Jzm ~km\ 



-2<j> 



\g uq d k g su d m9pq ($ sm P pk - g kp g sm - \g sp P kr ~g r vP mv \ + d k (3 qm {j3 uk d m g uq + \g pq d m ^ k 

U m G vl d k G ps (-g s i~g uv G uk g pq G qm + g km (g sl g pv + (G _1 ) s „(G _1 )z p 
{G- l ) lq g vu G uk d m G vl d k G qm + d m G vl d k g pq (G qm g vu G uk {G- l ) lr g rp - 8%g km {G~ l )i r g rqS j 
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The H flux term 

In [3], it was shown that 



-H ijk H» k = 3 ((/) + (//) + (///)) , (B.30) 



with 3(7) = (g PlP2 g qiq2 g sl s 2 - g P1 s 2 g qiq2 g SlP2 - g PlP2 g gi s 2 g siq2 ) D* 1 (3 piqi D s e 2 p P2q2 (B.31) 
3(11) =A(g PlP2 gt\ q2 gsis 2 g P \s 2 gt\ q2 gs\ P2 g P \ P2 gt\s 2 gs\ q2 ) (B.32) 
x f3 tlt2 (G~ 1 ) qit2 D s t 1 G Piqi D S2 (3 P2q2 
3(111) =2(g PlP2 g tlt2 g slS2 — g P1S2 gt^t 2 gs 1P2 — g P i P2 gt 2 s 2 g sl t 1 (B.33) 
~ g P \t- i g P2 t 2 gs\s 2 + g P is 2 gt 2P2 gsiti + g P itigt 2 s 2 gs 1P2 ) 

x (<$ " (G7% U2 ~g U2t2 ) (<% - (G7Xm9 Ultl ) D?G?*D?G?*> , 

where e = +1 was left unspecified and the notation D P = G Pq d q was introduced. Here we 
develop and rewrite these expressions further. 

Let us first note that 5 q \ — (G~ 1 ) qiU2 g U2t2 = (G~ x ) qiU2 e/3 M2 * 2 . Applying this to the term 
of 3(111) in ti*i , and using the antisymmetry appearing between p2 and q2, this term reduces 
to —3(11). Therefore, we get that 

3(11) + 3(111) = -2(G7 1 ) 92U1 5 Ulil (5 t2 - (G- 1 )^ 2 ' 2 ) D^G p ^D S2 G p e 2q2 (B.34) 

x (gpiP29tit 2 gsis 2 ~ g P \s 2 gt\t 2 gs\ P2 ~ g P \ P2 gt 2 s 2 gs\t\ 
~ g P \t- i g P2 t 2 gs\s 2 + g P is 2 gt 2P2 gs 1 t 1 + g P it 1 gt 2 s 2 gs 1P2 ) 

We then multiply g Ultl (<5* 2 — (G~ 1 ) qiU2 g U2t2 ) with the parentheses containing metrics, use 
again a few symmetry arguments and finally obtain 

3(77) + 3(177) = -Aeg pq g nr G r e m d k (3 np d m G qk - 2g np d k G™d m G p £ k (B.35) 
+ ±d k ~g np dmGf(G-\ v (g m g km - g n8 G™ l ~g ql G lk ) + ^ k G7d m Gf(G; 1 ) pq g nr G r e m 



2d k G^d m G qr 



(g pr - 2(G- l ) rp )(g nq g km - g ns G s e m g q iG ik ) - g (G~ ) pq (G~ ) r 

The quantities multiplying (g pr — 2(G~ l ) rp ) are actually symmetric in (r,p), so we can use 
that Ve , (GjT 1 )^) = \ {(G~ x )r P + (G~ l ) pr ) = g rp , as can be seen in (jB.lj) , In addition, we 
develop the first line of (|B.35p . so we finally obtain 

3(77) + 3(777) (B.36) 

= ~2g pq {d k g pm d m g qk + d k fT p d m fi qk + 2~g nr p rm d0 np (d m g qk + ed m p qk )) 

+ 445 np a m Gr(G7 1 M^ g / m " gn S G s e m g ql G lk ) + 4 : d k G™ p d m G qk (Gj 1 ) pq g nr G r e m 



+ 2d k G7d m Gf 



~g P r(gn q g kin — gnsGf n g q iG lk ) — g km (G e 1 ) pq (G e 1 ) r „ 
From (|B.3ip . we develop and get, using some symmetry arguments 

3(7) = g P r~g nq g km d k p np d m p qr - 2g pr ~g ns f3 sm g ql /3 lk d k /3 np d m (3 qr (B.37) 

- 2g pr (d k p mp dmP kr + 2e~g qs f3 sk d k r p d m f3 qr 



f m d k p np d m (3 qr + 2(3 lk f3 sm d k (3 rn d m (3 pq (I 



g P rg nq g OkP r o m p H + ^P P o k p o m p™ I -g qn g P rg s i - g qn g P ig r 



2g pr {d k f3 mp d m f3 kr + 2eg qs /3 sk d k f3 mp d m p- qr 
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Finally, combining all these results as in (|B.30p . we obtain 

-l Hijk H^ k = -\g P r~9n q g km d k p np d m F r - ^ lk /3 sm d k p rn d m p pq (^g gn g pr ~9si - g qn g P i~gr 

+ \g Pq d k ~g pm d m ~g qk + g pq g n r(3 rm d k f3 np d m g qk (B.38) 

- d k ~g np d m GT{G: l ) rp {g nq g km - g ns G s e m ~g q iG lk ) - d k G^d m C^ {G- x ) M g nr G^ 

- \d k G?d m Gf \-g P r(g nq g km - g ns G s e m g q iG lk ) - g km {G~ l ) pq {Gj 1 ) r 

and in the following we choose for the free parameter e = 1. 



Combining results 

Combining (|B.29P and (|B.38p . and using e~ 2d = e^^^/lg 7 ], we finally obtain the following 
equality, where the total derivative is given in (|B.26P 

11(g) - n(g) + 4 {(d(f>) 2 - {d& 2 ) - e 2d d k (. ..)- ^H ijk H^ k (B.39) 
= A{g km _ ~ km) ^ _ 2dm (g km - ~g km ) 8 k d 

- \~g P r~g nq ~g km d k f3 np d m /3 qr + \g m d k f3 qm d m p pk 
+ (3 uk d m g uq d k p qm - ~g qk ~gnr/3 rm d k f3 np d m g pq 
+ \g uq d k g su d m g pq (V m /? pfc - \g sp % v p mv ^j 

l -J lk (3 sm d k (3 rn d m p pq (\~g q ng P r~gsi - g qn g P ig r s 



2' ' ' ' V2 



It is remarkable that all (G 1 ) have been cancelled. In order to match with (I2.30p . note that 
the last row of (|B.39|) gives the R flux term, and g km — g km = (3 kp g pq (3 mq follows from (|B.1|) . 
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